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Finite-Size Scaling Corrections for the
Eight-Vertex Model

C. J. Hamer'

Received December 15, 1986

Finite-size scaling corrections are caiculated analytically for two of the maximal
cigenvalues of the transfer matrix in the isotropic eight-vertex model. The value
¢ =1 for the conformal anomaly of the Virasoro algebra is confirmed.
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1. INTRODUCTION

Recently, de Vega and Woynarovitch'") have shown how to derive the
leading-order finite-size corrections analytically for any model that is
soluble by the Bethe ansatz. The method has been applied to the ground-
state energy of the XXZ Heisenberg chain in its critical region,> * and the
results have been related to critical indices of the model using conformal
invariance.”> Now the XXZ model is just the quantum Hamiltonian
corresponding to the critical eight-vertex model in its extreme anisotropic
limit. Here we set out to complement the above results by deriving similar
finite-size corrections for the isotropic eight-vertex model.

2. FINITE-SIZE SCALING CORRECTIONS FOR THE
EIGHT-VERTEX MODEL

To save space, we shall employ the notation of Johnson et al.®
(JKM), who rederived Baxter’s results'”® for the eight-vertex model using
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an integral equation method. The eigenvalues T(v) of the transfer matrix
satisfy the equation

T(v) Q(v) = d(v +n) Qv —2n) + (v —1n) Qv + 2n) (2.1)

where
$(v) = [p0(0) A(v)]" (2.2a)
Q(v)=exp<—lm> H h(v—1v,) (2.2b)
h(v)=H(v) 6(v) (2.2¢)

Here N =2r is the number of vertices in a row, H(v) and #(v) are standard
elliptic theta functions, and the parameters v, #, v, K, are as defined by
JKM. The zeros v; of Q(v) are given by a set of coupled nonlinear
equations, obtained by noting that the left-hand side of (2.1) vanishes when
v=uv; (j=1,.,r)

h(v; + ’7):|N ~amim/Ke T hv; —v; + 21) i
— L = g —t =1..,r 2.3)
[}1(%—’1) h(v;—v; — 2n) (

J=1

Taking the logarithm of this equation, one obtains
Fi(¢,)= —2mil,+2vi+ Y, Fy(¢;—¢,), Jj=L.,r (2.4)
i=1

where the /; are half-integers specifying the branches of the logarithm
function, ¢,=nv;/K,, and for the largest eigenvalues

=1 l=1, J=2,.,r (2.5)
The function
h(v; + pn)
F ($;)=In—L1—" 2.6)
A9 h(v;,— pn) (
is chosen so that no cuts of F, cross the real axis, and F,(0) = —in(p #0).

It is a “quasiperiodic” function, e.g., on the real axis it is periodic except for
a linear term such that

F(nn)= —i(n+1)n 2.7)
(see JKM, Appendix B).
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In evaluating the transfer matrix eigenvalues, we shall write

Qv —2n)

Tw)= 9o +1) =503

[1+r(w)] (2.8)

where
_$lo—n) Q@ +2y)
¢(v+1n) Qv —2n)

Using Eq. (A13) of JKM, one finds

6(0) H(v+'7)>NQ(v—271)
0(v—n) H(2n) Q(v)

Hence, using the Fourier transforms in JKM, Appendix B, one arrives at

r(v) (2.9)

T(U)ch< [1+7(v)] (2.10)

SInl(=1) T)]

Qv —2n) o—A

| 00) 2

4 i sinh[m(4 —a)/2] cosh{m[t— (¢ + 4)/2]} sinh[m(4 —1)]
m sinh(2mt)

m=1

/ 1
=E+1n c+—1n[

> v ]+]1V1n[1+r(u)]+

(2.11)

Now let us start again from Eq. (2.4). Following de Vega and
Woynarovitch,!) we define the function

—1 204 1 ¢
20 =55 | A0 -5 L Ee-a) | 1)
and its derivative
Ry(@)=dZy(9)/d (2.13)
such that at the roots ¢,
/.
Zy(g)) = N] (2.14)

When N goes to infinity, the ¢, tend to a continuous distribution on
the real axis with density NR,(¢), and differentiating Eq. (2.12), one
obtains a linear integral equation

—F; 1 =
(¢)+_‘L dp' R, (¢") Fo(d—¢") (2.15)

2mi 2mi

R (9)=
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Similarly, one finds in the thermodynamic limit that

1. Q—2y) . vi 1 .
NIHW__ln_ﬁ_]_v,'z:jFl(l(d—_i)—¢j)

ro —in= [ d R(§)Fi(ilz—2) ) (2.16)

and
r(v) =exp[2niNZ \(in)] (217)

Now Eq. (2.15) can be solved by a Fourier series expansion to give

R (9)= +Z°o ——iﬁfb—-—ﬁ—dn (%ﬂk,) (2.18)

- 4mcoshmi 2r°

where K, = K,(k,) and dn(z, k,) are elliptic functions of modulus k,, with
K'i(k,)/K,(k,)= //=. Substituting in Eq. (2.16) and using JKM, Eq. (B13),
we find

1. Qw—2n) 1 (i) + i sinh m(t — A) sinh m(A —«)

m=1

(2.19)

g2
NPT 0wy 2 m sinh mt cosh ma

and from Eq. (2.11)
1 =] 1 h2 __2 h A— h
Nln Ay y~ Inc+2 Z sinh” m(z )[cosh mAi — cosh ma |

m=1

2.20
m sinh 2mt cosh mAi ( )

This agrees with Baxter’s result”® for the bulk limit of the maximum
eigenvalue.

De Vega and Woynarovitch!" show that one can derive similar
integral equations valid for any N. The definitions (2.12) and (2.13) give

-1 | L N ,
Ry(§)= 5= Fi@)t 5= | db' Ry(@) Fo(6~ )

[ = . B , ,
+ Eﬁj,nd‘ﬁ Fz(¢*¢)[ﬁ\§5(¢ —¢;)— Ryl¢ )J (221)

and hence
Ry(¢)— R..(4)

s [" i F(6— )[Ry — R ()]

{ o T1 N
e N Rl O TR AR M) pced
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This can be manipulated to give

_ T 1
R~ Ra@) == [t Po=9)| S T00 —0)- Ru#) | 223)

where
P(p) = *f o (2.24)
with T
Pr= sinh m(t — 21) (2.25)
Teoshmismhmi—7)’ "0
For the eigenvalue, if we define
fule)==In((~1) T()] (2.26)

N
and use (2.11) and (2.16) to define the limiting value /_ (v), we have

A n
o) = fo@) =il 0] == [ F(o 7))

x [%;&ww_»—mw»}

— [ Flita— 1) = ¢)[RV#) - R (227)

Now the analogue of the relation (2.35) of De Vega and Woynarovitch is
[ R PG~ 9)=2miR9) + Fi) (.28)
which can be integrated to give
[ L rw g0 PG )

—T

— iam (fi—l (6 + o), kl) +%”+ Fi(d+ o) + 2z'j¢/" dé' P(¢') (2.29)

for [A—1| +|Im ¢,] <.
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Substituting this result into Eq. (2.27), one obtains:
1 VA
- =—1nl1 2z
S0) = fu®) =5 L1+ r(0)] =

+ j dg’ [iam <£1 (i(o— 4) — ¢"), k1>
T T

+%+2ir¢

—7

m 1
@' @) | 20600~ Rul#) |
' (2.30)

3. THE CRITICAL REGION

At this point, let us specialize to the critical region of the eight-vertex
model, in which case

K— o, K —>mn/2 (3.1)

and it becomes convenient to define new, rescaled variables corresponding
to those used by De Vega and Woynarovitch®:

u=2K¢/n=2v (3.2a)

y= —4in (3.2b)

()= Z\(9) (3.2¢)
dzy(p)fdu= o N(p) = (n/2K) R\(9) (3.2d)
—ip(p, pA/2)=F,(¢) (3.2¢)
p(u) = (n/2K) P(¢) (3.26)

We shall also restrict our attention to the isotropic case, v=0. Then our
final equations for finite N translate to

—1 1
oa) == [ plu= )| T 00 =)= on) | 63

and

£4(0) = £4(0) =]1V1n[1 +7(0)1+2 [ dy’arctanh(e ™)

— o0

x [%z 3 =)= oa(u) | (34)
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using the fact that
K,/K—2njy

in the limit (3.1), and that
‘qﬁ,;n " "
|7 Tap P

O(1/K), and vanishes in the same limit.

3.1. Case 1: The Eigenvalue A,
This case was discussed by JKM. The half-integers /; are given by

L=0—1/2), j=lor (3.5)

and v=0. The roots are symmetrically distributed about ¢=0, with
Zy(—n)=0, Zy(0)=1/4, and Z,(m)= 1/2. In the critical region, we have

) =(i— 12N,  i=1l.,r (3.6)

at the root positions. We have to evaluate expressions of the form

=" aw st [ zé<u—u>~oN(u)} (37)

- i=1

:Ll dz,, flu [ S 8z 2, ~1] (3.8)

=1
The sum over delta functions can be written as a Fourier series as follows:

+ ¢

— Z May—zh)= )Y (—1)"e>m (3.9)

11 1 m= —x0
whence one obtains

0

L= % (=0 [ d f)oplu) e (310)

m= —coc -
(m+#0)

The asymptotic root density, from Eq. (2.18), is given by

!

Oo(tt) = W (3.11)
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and hence
1
z,(u) =— arctan(e™) (3.12)
n

Substituting the resummation (3.10) into Eq. (3.4), and replacing z (i) by
z (@), we find

F(0) = ()= n[1 4 r(0)]

o 1/4
+4 Y (#1)1+f"j dz' cos(2nmNz') In tan 7z’ (3.13)
0

m=1

where z' =z — 1/4, provided N/2 is even. But
r(0) = exp[ 2niNz 4(0)] = ™2 (3.14)
so that

1 1
Sl +r(0)] =5 n2 (3.15)

for N/2 even; while in the Appendix it is shown that

o 1/4
Y o=t j dz' cos(2nmNz') In tan(nz')
0

m=

H

—1In2+

4 24N2+0(N 3) (3.16)

Hence one obtains the final result

Fn(0) = f(0)=n/6N? (3.17)

For the case N/2 odd, one finds that the term (1/N)In[l+ #(0)]
diverges to negative infinity as one approaches the critical region, while the
term

(1/N) In[Q(—=2n)/Q(0)]

diverges to positive infinity. This merely reflects the fact that the point v=0
is a root, and Q(0) vanishes. We have not yet been able to derive an
explicit result for this case.

It remains to show that any corrections due to the difference

Lzwlp) — 2z (1)]
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are negligible in comparison to the leading-order term, Eq. (3.17), as
N — oo. In a previous paper®’ we gave arguments to this effect for the case
of the XXZ model; but recent work by Woynarovitch and Eckle!® has
shown that these arguments are not strictly correct, although the con-
clusion still holds. For our present purposes, we shall simply assume the
corrections are negligible, and refer to Woynarovitch and Eckle® for a
discussion of how to estimate the nonleading correction terms.

3.2. Case 2: The Eigenvalue A,

There is another eigenvalue A4, equal in magnitude and opposite in
sign to A, in the thermodynamic limit, as discussed by Baxter®) and JKM.
For this case the half-integers are given by

L=(j+1/2), j=L.r (3.18)
except for one root at ¢ =n. We have

L zwo=ti . zm-

4 2N’ 22N

The asymptotic root density and cigenvalue in the thermodynamic limit
N — oo are the same as for 4,, so we may proceed directly to look at the
finite-size corrections. In this case,

1 aw o] _
=] v s LNE S0 — 1) — oK) (3.19)
1/2
:L dzy f((z)) { zé(zN ~1] (3.20)
where z)y, =z, — 1/(2N), z/\ =i/N, and after Fourier expanding, we have
+ oC o«
Iv=" Y |7 di fw) o) expl2nimNzy(u)] (3:22)
(o

Substituting this resummation into Eq. (2.30), and replacing z)(y’) by
zo.(u'), we find

Su(0)= £(0)= £ In[1+7(0)] -

(— 1)

S
3
1 18

1

1/4
xf dz" cos(2nmNz") In tan(nz") + iC  (3.23)
0
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where z”" =z'—1/4, and C is a constant discussed below. Now
r(0)= —e™? (3.24)

so the natural choice in this case is to take N/2 odd, when

S0~ o025 In2—4 3 (~1)"

m=1

1/4
X J dz" cos(2rmNz") In tan(nz") + ic (3.25)
0

which, using the results of the Appendix, reduces to
In0)— fo(0y= —m/3N? +iC (3.26)

This result is subject to the same assumption as in case 1, namely that
corrections due to [z() —z4, ()] are smaller than O(N ).

The constant C, due to an annoying technicality, cannot be directly
computed in the critical region. The origin of the difficulty lies in the linear,
or nonperiodic, terms appearing in the Fourier expansions of some of the
elliptic and F, functions. These are not properly accounted for in taking the
critical limit, Egs. (3.1)}-(3.4). By going back to Eq. (2.30) and looking at
the linear terms more carefully, one may correctly obtain C= —n/N for
this case. Thus

In(A4,/Ao) ,~, —in

ie, A, and 4, have opposite signs, in agreement with the results of
Baxter® and JKM.

4. CONCLUSIONS

Assuming the hypothesis of conformal invariance in the critical region,
it has been shown by Blote et al"” and Affleck""’ that the finite-size
scaling amplitude for the maximum eigenvalue of the transfer matrix is
given by

In0) = f,(0) v, mc/6N” (4.1)

for periodic boundary conditions, where ¢ is the conformal anomaly or
central charge of the Viasoro algebra. Our result (3.17) implies ¢ =1 for the
eight-vertex model, in agreement with that obtained for the XXZ
Hamiltonian.***) The amplitude for the eigenvalue A, appears to be the
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same as that for the “kink mass” in the XXZ model, which we argued® is
connected with the exponent # = 1/4 by conformal invariance.

Some numerical studies have recently been done on the eight-vertex
model,*?) which confirm the result (3.17).

It should certainly be possible to derive analytic expressions for the
finite-size scaling behavior of other eigenvalues of the transfer matrix,
involving complex roots, but this is a more difficult algebraic task.

APPENDIX

We want to find the asymptotic behavior of the integral

1/4
I, = [0 dz cos(4mmz) In tan 7z (A1)

for large m. Integrating by parts, one finds

(__l)mfl

1
L 375 Tm—1

=1 j1/4 sin(4nmz) -1 (1_1
T 2m sin(2nz)  2mm

The behavior of this series partial sum may be found using the Euler
summation formula for alternating series, !>’

S =)+ fB)— - + (=1 f(x)

1 221
:const+(—1)"“[—jf(x)-%TBlf’(x)--J {A3)
with f(x)=1/2x —1) and x=n:
r ot (~1)”»‘1_ (—1)y" ! .
3+5 + P _const+—~——2(2n~1)+0(n ) (A4)
But the constant term is known,
2 (=1t 7
i AS
El 2n—1 4 (A3)
and so one obtains the result
—1 -1y
11=—+( )2 +0(m™?) (A6)
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Now consider the expression in Eq. (47) of the text:

®© 1/4
I,= Z (—1)1+mf0 dz cos(2nmNz) In tan nz (A7)
m=1
— 1 & (=" 1 < (=" _3
_4Nm§=:1 m 27:N2mz1 m? +OWNT) (A8)

using (A6), with N/2 even; hence the result quoted in Eq. (47). For the case
N/2 odd, we have

1 & )" 1 1
ZTVZ: m 27[sz

—+O(N?) (A9)
which gives Eq. (57).
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